UNLV Theses, Dissertations, Professional Papers, and Capstones
5-1-2022

Fuel Injector Design of a Hypersonic Jet Engine Using
Computational Fluid Dynamics
Melissa Rose Mercado

Follow this and additional works at: https://digitalscholarship.unlv.edu/thesesdissertations
Part of the Aerospace Engineering Commons, and the Mechanical Engineering Commons

Repository Citation
Mercado, Melissa Rose, "Fuel Injector Design of a Hypersonic Jet Engine Using Computational Fluid
Dynamics" (2022). UNLV Theses, Dissertations, Professional Papers, and Capstones. 4440.
http://dx.doi.org/10.34917/31813329

This Thesis is protected by copyright and/or related rights. It has been brought to you by Digital Scholarship@UNLV
with permission from the rights-holder(s). You are free to use this Thesis in any way that is permitted by the
copyright and related rights legislation that applies to your use. For other uses you need to obtain permission from
the rights-holder(s) directly, unless additional rights are indicated by a Creative Commons license in the record and/
or on the work itself.
This Thesis has been accepted for inclusion in UNLV Theses, Dissertations, Professional Papers, and Capstones by
an authorized administrator of Digital Scholarship@UNLV. For more information, please contact
digitalscholarship@unlv.edu.

FUEL INJECTOR DESIGN OF A HYPERSONIC JET ENGINE USING
COMPUTATIONAL FLUID DYNAMICS

By

Melissa Rose Mercado

Bachelor of Science - Aerospace Engineering
Syracuse University
2017

A thesis submitted in partial fulfillment
of the requirements for the

Master of Science in Engineering - Aerospace Engineering

Department of Mechanical Engineering
Howard R. Hughes College of Engineering
The Graduate College

University of Nevada, Las Vegas
May 2022

Thesis Approval
The Graduate College
The University of Nevada, Las Vegas

March 22, 2022

This thesis prepared by

Melissa Rose Mercado

entitled

Fuel Injector Design of a Hypersonic Jet Engine Using Computational Fluid Dynamics

is approved in partial fulfillment of the requirements for the degree of

Master of Science in Engineering - Aerospace Engineering
Department of Mechanical Engineering

Yi-Tung Chen, Ph.D.

Kathryn Hausbeck Korgan, Ph.D.

Examination Committee Chair

Vice Provost for Graduate Education &
Dean of the Graduate College

Robert Boehm, Ph.D.
Examination Committee Member

Hui Zhao, Ph.D.
Examination Committee Member

Jichun Li, Ph.D.
Graduate College Faculty Representative

ii

Abstract
The development of hypersonic airbreathing engines, such as a supersonic combustion ramjet,
or scramjet, are implemented for flight Mach numbers over 5 where combustion must occur in
supersonic conditions. The advancement of scramjet propulsion has led to favored usage over
rocket propulsion systems for in atmosphere applications due to their lighter weight, higher specific
impulse, and greater maneuverability [1]. The combustor section of a scramjet engine houses the
fuel injectors. Fuel is injected into the supersonic flow with the main objective of achieving rapid
and thorough fuel-air mixing because the residence time in the combustion chamber has a timescale
of about 1 millisecond [1]. Therefore, fuel injection mixing and combustion must occur on a time
scale of that order. Taking into account complications such excess heating and air dissociation is
critical while still reducing pressure and momentum losses in the combustor [1].
This research study focuses on the influence of a cavity flameholder and the addition of a
second fuel injector to the German Aerospace Centre (DLR) scramjet engine. These were used
to determine the effects in combustion efficiency and total pressure loss compared to the standard
model. A numerical study using the Reynolds Averaged Navier Stokes (RANS) equations with
the shear stress transport (SST) k − ω turbulence model was utilized. To model combustion, the
finite-rate/eddy dissipation model with a single-step hydrogen-air reaction mechanism were utilized.
The walls of the combustor were assumed to be no-slip and adiabatic.
The DLR model with the cavity flameholder enhanced the recirculation between the fuel and
air. For the DLR model with the cavity flameholder, it was determined that a 0.4% decrease
in combustion efficiency and 0.5% decrease in total pressure loss occurred when compared to the
standard DLR model. The DLR model with the two fuel injectors increased the amount of fuel
added to the flow, created two mixing zones for the fuel, and enhanced the fuel and air mixing from
the increased shock waves having two struts produced. A bow shock was created by the parallel fuel
injectors. For the DLR model with the two fuel injectors, it was determined that a 1.4% increase
in combustion efficiency and 49.5% increase in total pressure loss occurred when compared to the
standard DLR model.
Modifying the fuel injector in various forms can extend the study to determine a combustor
design that produces high combustion efficiency with low total pressure loss across the combustor.

iii

A standard cavity flameholder was used in the present study and by changing the dimensions or
adding more steps in the cavity flameholder can greatly enhance the recirculation between the
fuel and air. As well as, designing the cavity flameholder to be closer to the fuel injector for
more enhanced recirculation can be studied. Three-dimensional studies of the DLR combustor is
important to comprehensively observe the behaviors of the flow.
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Chapter 1: Introduction
1.1 Hypersonic Airbreathing Engines
Engines that are suitable for high speed sustained atmospheric flights are called hypersonic
airbreathing engines. The two main types are the ramjet and scramjet engines. These engines do
not require symmetry along a centerline since neither engine has moving parts. This research focuses
primarily on scramjet combustion, but to fully understand the complexity of a scramjet engine, the
ramjet engine must first be analyzed. The most substantial difference between the two engines are
that ramjets utilize subsonic combustion while scramjets are designed for supersonic combustion.
Ramjets are usually used for Mach numbers in the range of 3 ≤ M∞ ≤ 6 [1]. The incoming flow
is decelerated to subsonic speeds before combustion takes place in the combustor section. If ramjet
engines decelerate freestream flow over Mach 5, the temperature of the air entering the combustor
chamber is so high that the heat generated will result in dissociation of air. Therefore, ramjet
engines are not able to efficiently decelerate incoming flow over Mach 5 since combustion must take
place at supersonic conditions to avoid dissociation of air [1]. For this reason, supersonic combustion
ramjets, or scramjets, are implemented for flight Mach numbers over 5 where combustion must occur
in supersonic conditions.
Scramjet propulsion systems are preferred over rocket propulsion systems for in atmosphere
applications because of the lighter weight, higher specific impulse, and greater maneuverability they
provide [1]. Table 1 outlines each station found in an airbreathing engine based on the convention
by Heiser et al. [1].
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Table 1: Airbreathing engine reference stations [1]
Reference station
0
1

3

4

9
10

Engine location
Freestream conditions
External compression begins
External compression ends
Internal compression begins
Inlet or diffuser entry
Inlet or diffuser exit
Internal compression ends
Burner or combustor entry
Burner or combustor exit
Internal expansion begins
Nozzle entry
Internal expansion ends
Nozzle exit
External expansion begins
External expansion ends

Compression is the first step in any conventional thermal power cycle. Ramjet engines compress
the flow through deceleration [1]. The compression process is done by a system of shock waves since
scramjets do not utilize turbomachinery. The flow can be compressed by a system of oblique shock
waves, by a system of normal shock waves generated by the inlet, or by utilizing a convergent duct
[1]. After the air is compressed, the fuel is injected into the subsonic air in the combustor section, or
burner, of the ramjet. After the fuel and air mix and combustion occurs, the high temperature and
high pressure flow is accelerated by a nozzle back to supersonic speeds, and exits to the atmosphere.
Thrust is generated from the flow velocity and momentum increase as the flow leaves the ramjet
engine. This type of thrust is called internal thrust or uninstalled thrust [1]. There are also forces on
the external of the engine, or cowl, called external drag. The net thrust is the internal thrust minus
the thrust required to overcome external drag. A diagram of a ramjet engine with its corresponding
station numbers can be found in Figure 1.
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Figure 1: Ramjet diagram with reference stations

The freestream air can also represent the kinetic energy, and when the airflow is compressed by
the inlet, the velocity of air decreases which causes the kinetic energy to decrease [1]. According
to the conservation of energy, any reduced kinetic energy will reappear as internal energy which
causes an increase in the pressure, temperature, and density of the air [1]. The structural design
of the scramjet engine can be negatively impacted if the pressure is too high in the combustor
chamber. Normal shock waves and excessive heat transfer rates can negatively impact the scramjet
performance. Finally, combustion conditions that lose a larger fraction of the available chemical
energy to dissociation can also decrease the efficiency of scramjet engines [1]. A way to fix this
issue is to decelerate the flow which results in a supersonic flow before the air enters the combustion
chamber, and this results in utilizing a supersonic combustion ramjet engine, or scramjet engine.
In a scramjet engine, the freestream air is compressed and decelerated in the diffuser by means
of oblique shock waves caused by the scramjet engine’s forebody geometry. The air that leaves the
diffuser now enters the combustion chamber at supersonic speeds. Fuel is then injected and this
where the fuel and air mixes and combusts. It is imperative for the fuel and air to mix quickly since
the residence time of the air in the combustion chamber can be as short as a magnitude of 10−4
seconds. The temperatures are the highest in the combustor due to the high energy of the incoming
flow, the high gas density due to compression, and due to combustion [1]. Scramjet engines usually
have diverging nozzles because the flow is supersonic throughout the engine. Therefore, the entire
nozzle, or afterbody of the engine is used as a free expansion surface [1]. However, it is important
to design the afterbody in such a way that allows the engine to perform in any flight conditions. A
diagram of a scramjet engine with its corresponding station numbers can be found in Figure 2.

3

Figure 2: Scramjet diagram with reference stations

In early hypersonic engine research, the engines were attached to the vehicle by using pylons or
struts. This was an impractical design feature since it hindered the ability for the engine to utilize
the forebody of the engine for compression and expansion [1]. Therefore, an important design feature
of hypersonic airbreathing engines is the integration of the engine with the vehicle. This design is
very different from early jet research. Hypersonic airbreathing engines have the capability to fly at
very high altitudes where the air is rare and the density lower compared to the density of air at
sea level. If the air is not properly captured in the engine intake, it will not be able to generate
thrust that accelerates the vehicle [1]. The engine’s forebody acts as a compression surface that
allows the air to be captured if the engine is integrated into the vehicle. Also, in early hypersonic
engine research, the nozzle exit area was designed to be larger than the inlet intake area to allow
for sufficient thrust [1]. However, a nozzle with this particular nozzle geometry would be too large
to be carried by the vehicle.
Stream thrust analysis is used to determine scramjet engine performance, and can be used
whether it is uninstalled or integrated [2]. The stream thrust analysis uses the conservation of
mass, momentum, and energy fluxes on a control volume. Figure 3 shows the control volume used
for the stream thrust analysis. It is assumed to be one-dimensional.

4

Figure 3: Control volume on a scramjet engine [2]

By using the same convention of the various stations of a scramjet engine from Table 1, the
summation of forces can be found in Equation (1). In this equation, F10 combines the stream
thrust of the air and combustion products that exit the engine, F0 is the stream thrust of the air
entering the engine, and Fadd is the additive drag that takes into account the spillage and plume
drag of the system [2].

Fun = F10 − F0 − Fadd

(1)

The summation of forces for F10 and F0 are shown in Equations (2) and (3). These are based on
the definition of stream thrust, being F = pA + ṁV .

F10 = p10 A10 + (ṁf + ṁ0 )V10

(2)

F0 = p0 A0 + ṁ0 V0

(3)

The thermodynamic cycle efficiency, ηtc , is the ratio of the cycle work to the heat added as
shown in Equation (4). In Equation (4), h is the static enthalpy in stations 3, 4, and 10 of the
scramjet engine.

ηtc =

cycle work
h10 − h4
=1−
heat added
h4 − h3

(4)

The thermal efficiency, ηth , is defined as the ratio of the engine mechanical power to the chemical
energy rate as shown in Equation (5). The thermal efficiency is described as the engine’s capability
to convert thermal energy from the fuel into kinetic energy in the fluid during combustion [3].
Knowing the combustor efficiency, ηb , and the thermodynamic cycle efficiency, ηtc , will yield the
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thermal efficiency of the scramjet. The combustor efficiency will be discussed in more detail in
Section 1.1.2 Scramjet Combustor.

ηth

2
V10
V02
·
engine mechanical power
2
= ηb · ηtc = 2
=
chemical energy rate
f hP R

(5)

In Equation (5), V is the velocity at stations 0 and 10 of the scramjet engine, f is the fuel-air ratio,
and hP R is the fuel’s heat of reaction.
The fuel-air ratio is the ratio of the fuel mass flow rate to the entry air mass flow rate as shown
in Equation (6).

f=

ṁf
fuel mass flow rate
=
entry air mass flow rate
ṁ0

(6)

The propulsive efficiency, ηp , is defined as the ratio of the thrust power to the engine mechanical
power as shown in Equation (7).

ηp =

2
2
thrust power
=v
=
u
V10
engine mechanical power
uη · f hP R + 1 + 1
+1
u th
V0
V02
t
2

(7)

The engine overall efficiency, ηo , is defined as the ratio of the thrust power to the chemical energy
rate as shown in Equation (8).

!
v
u
f
h
PR
2 u
uηth ·  2  + 1 − 1


V0
t
V10
2
−1
2
thrust power
V0
ηo =
= ηth · ηp =
=
f hP R
f hP R
chemical energy rate
 2
 2
V0
V0
2
2

(8)

The fuel specific impulse, Isp , is an important measure of scramjet engine performance. This
is defined as the ratio of the uninstalled thrust to the fuel weight flow rate and can be found in
Equation (9). This takes into account the uninstalled thrust, specific gravity, and fuel mass flow
rate.
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Isp =

uninstalled thrust
Fun
=
fuel weight flow rate
g0 ṁf

(9)

1.1.1 Scramjet Inlet
The main role of the inlet, sometimes called the intake or diffuser, is to decelerate the airstream
from nearly hypersonic speeds to supersonic speeds by compressing the air to a nearly uniform
flow before it reaches the combustor. Scramjet inlets are a critical part of the engine since their
design greatly affects the overall engine performance; therefore, it is important for the inlet to
provide efficient compression. An ideal scramjet inlet design is one that generates low drag while
generating sufficient compression. The inlet provides sufficient pressure, temperature, and mass
flow to the supersonic flow to allow for the efficient combustion of the fuel-air mixture [2]. The
compression process is achieved by using a system of shock waves and does not require any moving
parts. Scramjet propulsion performance is primarily impacted by the compression that takes place
in the inlet [4]. An optimal design is to maximum the inlet’s total pressure recovery and to have
sufficient compression.
Due to the geometry of scramjet inlets, oblique shock waves occur around the inlet since scramjet
engines operate in supersonic and hypersonic speeds. Shock-expansion theory may be used for
certain scramjet forebody configurations to determine shock wave angles and changes in static
pressure [3]. When oblique shock waves enter the inlet throat, the internal compression causes the
shocks to reflect which leads to a series of shocks taking place, also known as a shock train [3]. One
major issue for scramjet inlets is the ability for the inlet to properly compress the incoming flow for
various Mach numbers without adjusting inlet geometry [5].
The compression total pressure ratio, πc , describes the intake efficiency of the scramjet inlet.

πc =

p3
pt3
=
pt0
p0

γc − 1 2 ! γc
M3 γ c − 1
2
γc − 1 2
1+
M0
2
1+

(10)

The ratio of specific heats in the compressor is:

γc =

Cp,c
= 1.360
Cv,c
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(11)

The performance of a scramjet inlet is measured by how well the incoming air is being compressed
and how much flow loss the inlet generates during compression. Analyzing the inlet performance
and efficiency is based on the conditions of the freestream flow as well as those at the throat of
the inlet. The kinetic energy efficiency, shown in Equation (12), is the ratio of the square of the
velocity the compressed flow could achieve if it was isentropically expanded to freestream static
pressure relative to the square of the freestream velocity [1]. This performance parameter is utilized
to determine the scramjet inlet compression efficiency.

ηKE = 1 −

2
(ψ − 1)(1 − ηc )
(γc − 1)M02

(12)

In this equation, ψ is the cycle static temperature ratio shown as:
γc − 1 2
1+
M0
T3
2
ψ=
=
γc − 1 2
T0
1+
M3
2

(13)

The compression efficiency is then calculated from the kinetic energy efficiency equation.
(γc − 1)M02
ηc = 1 −
2



1 − ηKE
ψ−1


(14)

1.1.2 Scramjet Combustor
The combustor section, or burner section, of the scramjet engine houses the fuel injectors and is
where the decelerated airflow from the inlet mixes with the fuel. Fuel is injected into the supersonic
flow with the main purpose of achieving rapid and thorough fuel-air mixing because the residence
time in the combustion chamber is short [1]. The fuel and air mixes then combusts due to the high
pressure and temperature of the mixture and this results in a great increase in temperature of the
air. It is important to maintain supersonic flow within the combustion chamber to prevent and
excess of heating and air dissociation [6]. However, since the flow inside the combustor chamber
is supersonic at all times, the residence time of air is about 1 millisecond long and fuel injection,
mixing, and combustion must occur on a timescale of that order [7]. Due to these complications,
it is critical that fuel-air mixes and the chemical energy released is maximized in the shortest time
possible while reducing pressure and momentum losses in the flow through the combustor [7].
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The design and placement of fuel injectors within the combustor significantly impacts how
efficiently combustion can occur. The design and placement of fuel injectors will also help to
optimize the combustor length which leads to minimizing the weight of the scramjet engine. Shorter
combustor lengths are preferred over longer combustor lengths since longer scramjet engines will
lead to more drag and can negatively impact the overall engine performance.
The burner section of a scramjet engine can be simplified and viewed as a frictionless and constant
area duct that stems from a supersonic branch of Rayleigh flow. Analyzing the combustor chamber
in this manner, the duct exit flow and the exit area of the combustor chamber can be determined.
Assuming constant area for the analysis can be implemented since the combustor chamber can be
divided into sections of equal area essentially forming combustors of equal area in series [3]. Also,
assuming constant pressure combustion will be beneficial for improved cycle efficiency. Figure 4
shows a one-dimensional frictionless combustor chamber with heat exchange and constant pressure.
In this Rayleigh flow analysis, the gas is calorically perfect and the airflow is assumed to be steady.
It is assumed that the mass flow rate of the injected fuel into the airflow has a small contribution and
is therefore neglected and the combustion process is instead treated as through-wall heat transfer.

Figure 4: Frictionless and constant pressure combustor diagram

The definition of the conservation of mass is shown in Equation (15) and for this analysis the
conservation of mass equates to Equation (16).

X

(ρV A)out =

X

(ρV A)in

ρAV = (ρ + dρ)(A + dA)(V + dV )
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(15)
(16)

Equation (16) simplifies to Equation (17).
dρ dA dV
+
+
=0
ρ
A
V

(17)

The conservation of momentum in the x-direction is only taken into account since this model is
simplified to a one-dimensional flow.

ṁ(V + dV ) − ṁV = pA − p(A + dA) + pdA

(18)

After some simplification, Equation (18) becomes Equation (19).

dV = 0

(19)

Equation (19) indicates a constant velocity flow from the entrance to the exit of the combustor
shown as Equation (20).

V4 = V3

(20)

The conservation of energy for the combustor chamber is shown as Equation (21).

ht4 − ht3 =

Q̇
= q = f QR ηb
ṁ

(21)

Since the velocity is constant, the kinetic energy per unit mass is also constant. Therefore, the LHS
of Equation (21) can be written as Equation (22).

ht4 − ht3 = h4 − h3

(22)

From this simplification, the exit static temperature of the combustion chamber can be calculated
from Equation (23). The speed of sound and Mach number at the exit can be calculated when T4
is known.

T4 = T3 +

q
f QR ηb
= T3 +
cp
cp
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(23)

Since it was established that the static pressure is constant, the exit density of the combustor
chamber can also be calculated by using the area ratio equation shown below.

ρ4 A4 = ρ3 A3
A4 = A3

ρ3
ρ4

(24)
(25)

Mixing and combustion efficiencies quantify how well fuel mixes with air and how well it
combusts, respectively. The mixing efficiency relates the fraction of hydrogen mass flux that may
be ignited to the total hydrogen mass flux at a particular state of mixing in infinitely fast chemistry
cases [8]. This parameter shows if there are any issues with mixing and chemical kinetics. The
mixing coefficient also helps in understanding the combustion process of a particular case since it
reveals if there is any remaining unburned hydrogen. The equation for the mixing efficiency is shown
in Equation (26).
R
R
αρuYH2 dA
A αρuYH2 dA
R
ηmix (x) ≡
= A
ṁH2 ,x
A ρuYH2 dA

(26)

In this equation, α is the function of equivalence ratio, ρ is the flow stream density, u is the normal
velocity, YH2 is the hydrogen mass fraction, and A is the cross sectional area [8]. The function of
equivalence ratio is shown in Equation (27), and the variable φ is the equivalence ratio.

1


φ
α=

 φ

φ=

φ≥1
(27)
φ<1
f
fst

(28)

In order to determine the equivalence ratio, the fuel-air ratio, f , and the stoichiometric fuel-air ratio,
fst , needs to be determined. These equations are shown in Equations (29) and (30), respectively.
The values for x and y for the stoichiometric fuel-air ratio is calculated from the stoichiometric
equation shown in Equation (31).

f=

ṁf
ṁa
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(29)

fst =

36x + 3y
103(4x + y)






y
79
y
y
79
Cx Hy + x +
O2 + N2 → xCO2 + H2 O +
x+
N2
4
21
2
21
4

(30)

(31)

The combustion efficiency, also referred to as the burner efficiency, is a measure of scramjet
combustor performance. Combustion efficiency is the ratio between the rate of hydrogen fuel
consumption and the rate of water vapor production along the streamwise direction [9]. This
parameter describes the fraction of how well hydrogen fuel is fully converted into water vapor. The
equation for the combustion efficiency is shown in Equation (32).
R
ηcomb (x) = 1 −

(A(x))ρgas uYH2 dA
ṁH2 ,x
=1−
ṁH2 ,inj
ṁH2 ,inj

(32)

In this equation, ṁH2 ,inj is the injected fuel mass flow rate, ṁH2 ,x represents the hydrogen mass
flow rate at a given x−location, YH2 is the mass fraction of hydrogen, ρgas is the gas density, and
u is the normal velocity component relative to the cross section.
The shock waves which provide enhanced mixing also cause a total pressure loss [10]. Total
pressure losses are related to an increase in entropy and thrust losses which can be caused by shock
waves, the process of mixing, and viscous effects in boundary layers. The equation for the total
pressure loss is shown below.
R
ηt = 1 − R

A p0 ρudA

A p0,inlet ρudA

(33)

In Equation (33), p0 and p0,inlet are the total pressure at the axial position and the inlet section,
respectively.

1.1.3 Scramjet Nozzle
The diverging nozzle of a scramjet engine is responsible for producing thrust and thrust is
produced when the heated air from the combustion chamber is accelerated through the diverging
nozzle. During flow simulations, it is important to take note of any continuing chemical reactions,
flow separation, cooling, and flow unsteadiness in the nozzle since this can negatively impact the
12

performance of the scramjet [3]. The nozzle of scramjet engines must be designed in a way that
allows the accelerated flow to perfectly expand with no flow separation or unsteadiness.
The most common and efficient nozzle used for hypersonic airbreathing engines is the single
expansion ramp nozzle, or SERN, because it allows the scramjet to achieve maximum thrust [11].
Unlike the traditional bell, or conical, shaped nozzles, the bottom surface is removed since drag can
negatively impact the performance of the system. Therefore, this design allows for lower weight and
frictional drag while still producing ample thrust from the high-pressure flow from the combustor
[11]. The flow from the combustor is expanded due to the sharp corner at the nozzle inlet. The single
expansion ramp nozzle is also capable of self-adaptability at off-design conditions by controlling the
changing static pressure for various Mach numbers [11]. This feature reduces the need to vary the
exit area over different operating conditions [11]. Figure 5 illustrates a single expansion ramp nozzle.

Figure 5: SERN diagram

The expansion total pressure ratio, πe , is the ratio of total pressures at the nozzle exit and
entrance.

πe =

p0
p4

γe − 1 2 ! γe

 γe
M10 γe − 1
p
T
0
4
γe − 1
2
=
γe − 1 2
p4 T10
1+
M4
2

1+

The expansion efficiency of a scramjet is shown below:
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(34)


1−
ηe =

1 p0
·
πe p4


1+

 γe − 1
γe

 γe − 1
p0
γe
p4

(35)

1.2 Fuel Injectors
1.2.1 Parallel, Normal, and Transverse Injectors
Parallel and normal fuel injector configurations were the primary designs used in early scramjet
research [12]. Parallel fuel injectors, shown in Figure 6, allow the fuel to flow parallel to the
incoming air (θ = 0◦ ) and is separated by a splitter plate [12]. Parallel fuel injectors are considered
intrusive devices since it is a mechanical structure that disturb the incoming flow into the scramjet
combustor. A shear layer develops when the splitter plate ends resulting from differences between
the fuel velocity and the air velocity [12]. The shear layer promotes proper fuel-air mixing for
efficient combustion. As a result of the geometric design and location of parallel fuel injectors, a
series of shocks, or a shock train, develops inside the combustor section since the incoming flow is
supersonic.

Figure 6: Parallel injector diagram

Normal fuel injectors, shown in Figure 7, are ports located on the wall of a scramjet combustor
and injects the fuel normal to the incoming air (θ = 90◦ ). Usually, normal fuel injectors do not have
a mechanical structure protruding into the flow and are designed as portholes incorporated into the
scramjet combustor wall. Normal fuel injectors create a bow shock upstream of the injector due to
the incoming supersonic flow, this is known as a detached shock. Separation zones occur upstream
and downstream of the injector due to bow shocks [12]. The separation zones increase the losses in
total pressure which negatively affect the engine’s efficiency [12].
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Figure 7: Normal injector diagram

Transverse fuel injectors combine the features of parallel and normal fuel injectors. The fuel is
injected at an angle between 0◦ to 90◦ relative to the flow [12]. Transverse fuel injectors reduce the
loss in total pressure that occur with normal fuel injectors. However for the same penetration height
to be achieved in transverse fuel injectors, a larger injector pressure is required when compared
to normal fuel injectors [12]. Increasing the injection pressure will negatively impact the engine
efficiency since the loss of total pressure will increase [12].

1.2.2 Ramp Injectors
Ramp injectors, shown in Figure 8, are designed to enhance parallel injectors with the expectation
that the addition of axial velocity to the parallel injector increases fuel-air mixing [12]. Parallel fuel
injectors are placed on the trailing edge of a ramp to increase the flow’s axial velocity near the
fuel injector. Mixing is increased due to the counter-rotating vortices which are created due to the
addition of a ramp [12]. Parallel fuel injectors on their own are usually placed in the middle of the
incoming airflow to maximize fuel penetration into the flow. Therefore, by including a ramp onto
the parallel fuel injectors, the parallel fuel injectors are now located on the wall of the scramjet
instead of in the middle of the flow. This ramp design results in a limited fuel penetration into the
incoming airflow.
There are two types of ramp designs: a compression ramp, shown in Figure 8a, or an expansion
ramp, shown in Figure 8b. While compression ramps are heightened or raised over the wall,
expansion ramps are lowered and form troughs on the wall [12]. Since the incoming flow is supersonic,
the ramps form oblique shocks or expansion fans depending on the ramp design. The oblique shocks
or expansion fans result in pressure gradients which enhance mixing in the combustor. Oblique
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shocks form at the base of the ramp in compression ramps, and expansion fans form at the bottom
of the ramp in what is called the recompression region of an expansion ramp [12].

Figure 8: Ramp injectors diagram
The combustion and mixing efficiency will differ for each ramp design since the shocks or
expansion fans are located in different locations. It is observed that compression ramps have a
higher fuel-air mixing due to stronger vortices, while expansion ramps have a higher combustion
efficiency [12]. Having a high combustion efficiency necessitates that mixing occurs at small scales
which expansion ramps provide, but compression ramps degrade small scale mixing due to its strong
vortices [12]. It was also observed that compared to compression ramps, expansion ramps reach a
maximum combustion efficiency within a shorter distance [12]. Therefore, the combustion section
can be shortened which then minimizes the weight of the scramjet.

1.2.3 Strut Injectors
Strut injectors, shown in Figure 9, are designed to improve parallel injectors with the intention
of enhancing fuel-air mixing by allowing fuel to be injected at multiple jet portholes along the flow
of the incoming air. Most strut injector designs have a wedge on the leading edge and vertically
spans the upper and lower combustor wall [12]. The strut injector design allows fuel to be uniformly
added throughout the incoming airflow. Figure 9a and 9b illustrate a top view and side view of
strut injectors integrated into the scramjet combustor section.

Figure 9: Strut injector diagram
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Since most strut injector designs focus on the geometry of the leading edge to enhance mixing,
many researchers such as Desikan et al. [13] and Sunami et al. [14] have considered changing the
trailing edge of the strut to further enhance mixing. Desikan et al. [13] and Sunami et al. [14]
kept the traditional design of having the strut injectors vertically span the scramjet wall with a
wedge in the leading edge. The modification is an alternating wedge on the trailing edge to induce
co-rotating or counter-rotating vortices to improve mixing. The modified trailing edge incorporates
parallel fuel injectors to improve mixing due to the vortices in the combustor section. Desikan et al.
[13] and Sunami et al. [14] reached the conclusion that improved uniformity in fuel-air mixing was
achieved when using the alternating wedge design, but there were no significant improvements in
the combustion performance compared to the traditional strut injector design. It was also concluded
that the modified trailing edge resulted in a greater total pressure loss.

1.2.4 Pylon Injectors
Pylon injectors, shown in Figure 10, protrude from the wall of a scramjet combustor and the
fuel is injected against the flow of the incoming air which then generates a strong bow shock
that is reflected to the upper combustor wall due to its intrusive design [15, 16]. Pylon injectors
can be designed to inject the fuel axially, normally, or at an angle relative to the incoming air
[12]. Therefore, pylon injectors were created with the expectation of enhancing the spreading and
penetration of fuel into the incoming air.

Figure 10: Pylon injector diagram

A study by Takahashi et al. [17] supported the idea that one of the advantages of using pylon
injectors is due to its ability to have a higher propagation of fuel into the incoming air. This also
resulted in the decrease of the concentration gradients in the recirculation region which showed an
improvement in the flameholding capabilities of pylon injectors.
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The length and thickness of the pylon is a contributing factor in determining the mixing and
combustion efficiencies of the combustor. Vishwakarma et al. [16] observed that pylons with thicker
bases were more successful in flame stabilization, while pylons with thinner bases were better for
the fuel penetration and spreading without causing significant pressure losses and shocks.

1.2.5 Upstream Injectors
Upstream injectors, shown in Figure 11, are fuel injectors located in the inlet section of a scramjet
engine rather than in the combustor section. Upstream injectors are placed in the scramjet intake
section to allow mixing to occur upstream of the combustor [18]. Due to the geometry of scramjet
engines, oblique shocks occur in the inlet as the incoming flow is supersonic. Similar to normal fuel
injectors, the fuel portholes create a bow shock upstream of the injector. The design of upstream
injectors was proposed with the intention of raising the residence time of fuel in the scramjet.
Therefore, by repositioning the injector upstream, more length is provided within which fuel and
air can mix and combust [19].
One of the main contributors to the combustion and mixing inefficiency of a scramjet is the skin
friction drag that occurs inside the combustor chamber. For this reason, placing fuel injectors in
the inlet section rather than in the combustion chamber allows for a reduction in the length of the
combustor which decreases the skin friction drag. Thus, it is possible to minimize the combustion
section of a scramjet by implementing upstream injectors to improve the combustion and mixing
efficiency.

Figure 11: Upstream injector diagram
Gardner et al. [18] tested upstream injectors in a two-dimensional scramjet with a freestream
Mach number of 6.5. A major complication in upstream injectors is that fuel may ignite in the
intake section or the fuel may remain trapped in the intake section and not travel through the
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scramjet as a result of increased temperature in the boundary layer. Gardner et al. [18] was able to
design upstream injectors in a way that allows fuel to travel through the scramjet with no burning
or ignition in the incoming air within the intake section. It was determined that having a smaller
fuel jet porthole allows the fuel to penetrate further than a larger fuel jet porthole. Additionally,
angling the porthole away from the wall allows sufficient fuel injection. Gardner et al. [18] also
noted that the combustion efficiency did not have a significant change with varying injection angles.

1.2.6 Cavity Flameholders
Cavity flameholders, shown in Figure 12, are backward-facing steps that serve as continuous
ignition points and maintains combustion with limited drop in pressure [12]. Cavity flameholders
can be added with any fuel injector design in order to promote recirculation. The fuel injector is
usually located upstream of the cavity flameholder. Since the cavity flameholder is integrated into
the surface of the combustor wall, the drag associated with the flow inside the combustion section is
reduced compared to flow over a bluff body. However, the backward-facing step results in stagnation
pressure losses and decreased total temperature [12].

Figure 12: Cavity flameholder diagram

Traditionally, wall injectors are placed upstream of the cavity flameholders, and since wall
injectors are used, the fuel’s penetration into the incoming flow may be limited [12]. Regardless of
the limitations of fuel penetration, the addition of a cavity flameholder greatly improves the mixing
and combustion efficiencies because of the increased movement of mass and heat along the shear
layer as well as in the cavity [12]. One way to improve combustion efficiency is to increase the wall
angle of backward-facing step. However, this causes a greater total pressure drop [12].
The depth of the backward-facing step must be designed in a way that takes into account the
incoming airflow, and the length of the backward-facing step must be designed to promote vortices
for sufficient fuel-air mixing [12]. The distance of the fuel injector to the cavity flameholder must
also be designed in a way for proper recirculation of the fuel-air mixture. Therefore, the distance
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between the fuel injector and the cavity being too large results in the formation of vortices since
the fuel-air mixture does not properly enter the cavity [12]. Consequently, the distance between the
fuel injector and cavity flameholder being too small results in a lack of penetration by the fuel into
the incoming airflow [12]. Since the flow inside a scramjet engine is supersonic, it is important the
mixing and ignition of the fuel and air occur in about 1 millisecond.

1.2.7 Cavity-Pylon Flameholders
An extension to the cavity flameholder design is to add a pylon just upstream of the cavity
flameholder in order to improve performance by allowing the fuel to propagate into the main
combustor flow by utilizing the region of low pressure behind the pylon [20]. This is shown as
Figure 13. This design was created with the intention of enhancing the flame-spread and the fuel-air
mixing [20]. Cavity-pylon flameholders are considered intrusive devices due to the way the pylon
extends out of the wall. Intrusive devices are also used to promote recirculation by enhancing the
fuel-air mixture and cavity interaction [7]. By adding a pylon which leads into the cavity flameholder
resulted in the increase of mass transfer between the cavity and the incoming air which ultimately
improves the mixing due to the vortices and shocks that the pylon creates [18].
Freeborn et al. [20] determined that the inclusion of a pylon just upstream of the cavity
flameholder caused about three times the fuel mass flow to pass through the cavity compared
to the basic cavity flameholder design.

Figure 13: Cavity-pylon flameholder diagram

1.3 Literature Review
The basis for this research regarding the model and assumptions have been outlined by Kummitha
et al. [21] and Athithan et al. [22]. In Kummitha et al.’s [21] research publication, the internal fluid
flow behavior of the DLR scramjet combustor with different cavity based flameholders is discussed.
Two-dimensional Reynolds-averaged Navier-Stokes (RANS) governing equations and shear stress
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turbulence (SST) k-ω model with the finite-rate/eddy-dissipation model for chemical reacting flows
is applied. One-step reaction mechanism is used to lessen computational time. Kummitha et al.
[21] analyzed the scramjet combustor without a flameholder as well as with two varying cavities,
specifically the spherical and step cavities. Kummitha et al. [21] determined from experimental
and numerical results that improvements in recirculation regions and the addition of shock waves
were developed with the use of cavity flameholders. The addition of cavity flameholders also helped
with achieving stabilized combustion and increased the residence time of air in the combustor.
Kummitha et al. [21] concluded that the step cavity flameholder was the optimal design because of
the improved mixing and combustion efficiency.
Athithan et al. [22] studied the DLR combustor with varying ramp locations upstream of the fuel
injector. Similarly to Kummitha et al. [21], two-dimensional RANS governing equations and SST
k-ω turbulence model was used to simulate the fluid flow. One-step hydrogen-air reaction mechanism
using the eddy-dissipation was used instead of the combined finite-rate/eddy-dissipation model.
Athithan et al. [22] determined from experimental and numerical results that there is an increase
in shock wave interactions upstream of the strut injector for the DLR combustors that include the
ramp design. It was also observed that the increase in shock wave interactions decelerated the flow
downstream of the combustor which caused additional shock wave reflections with less intensity
for the DLR combustor model without the ramps. It was concluded that since more shock wave
interactions arise with the combustor model with the ramps, losses in total pressure are greater with
the ramps than without.

1.4 Motivation for Study
The motivation of this study is to determine the effects of combustion efficiency and total pressure
loss of a DLR with a cavity flameholder and a DLR with two fuel injectors when compared to the
standard DLR. Specifically, understanding how the enhanced mixing and recirculation develops due
to these design changes.
1. In Chapter 1, the basics of hypersonic jet engines and the different sections such as the inlet,
combustor, and nozzle, as well as the fuel injector types are discussed.
2. In Chapter 2, compressible flow theory and combustion chemistry is discussed and outlines
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the differences between a single-step and multi-step reaction mechanism.
3. In Chapter 3, the governing equations, combustion modelling, and the boundary conditions
of the present research are specified.
4. In Chapter 4, benchmarking the standard DLR model to published papers by Kummitha et
al. [21] and Athithan et al. [22] are found in this chapter.
5. In Chapter 5, the results of the DLR with the cavity flameholder and the DLR with the two
fuel injectors are discussed. The effects in combustion efficiency and total pressure loss of each
DLR model are outlined.
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Chapter 2: Theory
2.1 Fundamentals of Compressible Flow
2.1.1 Viscosity of Air and Reynolds Number
Viscosity is defined as the measure of the fluid’s resistance to flow.

It is very important

to take into account the viscous effects to properly predict the wall skin friction and boundary
layer thickness, shape, transition, and separation for hypersonic flight conditions [1]. Sutherland’s
equation, Equation (36), calculates and shows the effect of temperature on the dynamic viscosity.


µ = µref

T
Tref

3 

2 Tref + S
T +S

(36)

In the Sutherland’s law, T is the fluid temperature, µref is the reference viscosity, Tref is the
reference temperature, and the reference values are at standard sea level conditions, and lastly, S is
the Sutherland’s temperature, or also known as the Sutherland’s coefficient, and every gas or fluid
has its corresponding reference values and Sutherland’s coefficient.
The Reynolds number is the ratio of inertial to viscous forces [23]. This is an important
parameter that determines if a fluid flow is in the laminar, transitional, or turbulent regime.

Re =

inertial force
ρV L
VL
=
=
viscous force
µ
ν

(37)

In Equation (37), ρ is the density, V is the total velocity, L is the characteristic length of the
system’s geometry, µ is the fluid dynamic viscosity, and ν is the fluid kinematic viscosity.

2.1.2 Supersonic and Hypersonic Flow
There are four types of flow regimes in fluid dynamics: subsonic, transonic, supersonic, and
hypersonic flow. In subsonic flow, the local Mach number does not reach unity anywhere, M < 1.
Transonic flow is still considered subsonic, but this flow regime occurs near unity, M ≈ 1. The
supersonic flow regime is the regime in which local Mach number exceeds one, M > 1, at all
locations. Lastly, hypersonic flow is the flow regime where the local Mach number exceeds five,
M > 5. Since this thesis deals with the research of supersonic and hypersonic flows, the subsonic
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and transonic flow regimes will not be discussed and the focus will be on the latter two flow regimes.
According to Heiser et al. [1], flow regimes can be graphically observed by utilizing a H-K
diagram illustrated in Figure 38. The H-K diagram shows the relationship between the ratio of
kinetic energy and static enthalpy. In the subsonic flow regime, the majority of the total temperature
is mostly allocated in static enthalpy and the changes of Mach number are predominantly due to
changes in velocity [1]. In the transonic flow regime, there are significant amounts of both static
enthalpy and kinetic energy and the Mach number changes quickly as a result of variation of the
speed of sound and velocity [1]. Lastly, in the hypersonic flow regime, the majority of the total
temperature is allocated in kinetic energy and the Mach number greatly changes due to the changing
static temperature and speed of sound [1].
Cp Tt0
K
V2
γ−1 2
kinetic energy
=
=
=
M
·
static enthalpy
H
2Cp Tt0 Cp T
2

(38)

Figure 14: H-K diagram [1]

The supersonic flow regime is defined as a flowfield in which the local Mach number everywhere
exceeds one but is less than five, 1 < M < 5. Figure 15 shows an example of the behavior of
supersonic flow around a wedge. It can be seen that a straight, oblique shock wave is attached
to the leading edge of the wedge [23]. Upstream of the oblique shock wave, the streamlines stay
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straight, parallel, and horizontal relative to the freestream flow. The direction of the streamline
changes discontinuously across the oblique shock wave in supersonic and hypersonic flows. The
streamlines are straight and parallel downstream of the oblique shock wave. After the oblique
shock, the streamlines follow the direction of the wedge surface.

Figure 15: Supersonic flow diagram

The hypersonic flow regime is defined as a flowfield where the local Mach number everywhere
exceeds five, M > 5. Figure 16 illustrates the behavior of hypersonic flow around a wedge. The
flow temperature, pressure, and density dramatically increases as the flow crosses the shock wave
[23]. As the Mach number in the freestream exceeds five, the increase of the temperature, pressure,
and density become more dramatic. The oblique shock wave approaches the wedge surface if the
freestream Mach number increases.

Figure 16: Hypersonic flow diagram

2.1.3 Speed of Sound and Mach Number
Figure 17 illustrates a sound wave that moves with velocity a through a fluid. Region 1 is
designated as the section upstream of the sound wave and region 2 is designated as the section
downstream of the sound wave. The flow properties upstream and downstream of the sound wave
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are slightly different since the flow behind the sound wave moves with a different velocity [23]. By
definition, a sound wave is a weak wave [23]. Subsequently, a shock wave is defined as a strong
wave and in this case, the changes through the wave are strong and the wave propagate at a higher
velocity [23].

Figure 17: Sound wave diagram

The speed of sound equation can be determined based on the knowledge that flow properties
change infinitesimally downstream of the wave. The flow through the wave is assumed to be
one-dimensional. Therefore, the velocity of the wave changes with an infinitesimal quantity of
da which causes the velocity downstream of the wave to be a + da. Accordingly, the pressure,
density, and temperature will change downstream of the wave since the downstream flow has a
velocity of a + da. Now, the pressure, temperature, and density downstream of the wave becomes
p + dp, T + dT , and ρ + dρ, respectively.
The continuity equation for steady one-dimensional flow is shown as Equation (39). Traditionally,
the velocity is denoted as u as seen in Equation (39), but in this case, the velocity variable u will
be changed for the velocity a.

ρ1 u1 = ρ2 u2

(39)

Substituting the upstream and downstream velocity of the wave propagation into Equation (39)
yields:

ρa = (ρ + dρ)(a + da) = ρa + adρ + ρda + dρda

(40)

The value of dρda is of a second order and therefore is negligible compared to the other terms in
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Equation (40) [23]. Equation (40) becomes Equation (41) after solving for a.

a = −ρ

da
dρ

(41)

The momentum equation for steady one-dimensional flow is shown as Equation (42). The
velocity will be denoted as a for this scenario. Traditionally, the velocity is denoted as u as seen in
Equation (42), but in this case, the velocity variable u will be changed for the velocity a.

p1 + ρ1 u21 = p2 + ρ2 u22

(42)

Substituting the upstream and downstream velocity of the wave propagation into Equation (42)
yields:

p + ρa2 = (p + dp) + (ρ + dρ)(a + da)2

(43)

Similarly, products of differentials can be neglected and Equation (43) becomes Equation (44).

dp = −2aρda − a2 dρ

(44)

Solving for da yields:

da =

dp + a2 dρ
−2aρ

(45)

Substituting Equation (41) into Equation (45) yields:
" dp + a2 #
dρ
a = −ρ
−2aρ

(46)

Solving for a2 yields:

a2 =

dp
dρ

(47)

The gradients are small since the properties change slightly, which indicates that the irreversible,
dissipative effects of friction and thermal conduction are negligible [23]. Also, there is no heat
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addition to the flow which implies that the process inside the sound wave is isentropic. Isentropic
dp
. Equation (47) can be rewritten
change is the rate of change of pressure with respect to density,
dρ
as:


2

a =

dp
dρ


(48)
s

Equation (48) illustrates that the speed of sound directly corresponds to the compressibility of a
gas [23]. From basic thermodynamics, density is inversely proportional to the specific volume as
shown in Equation (49).

ρ=

1
v

(49)

Taking the derivative yields:

dρ = −

dv
v2

(50)

Substituting Equation (50) into Equation (48) yields:

2

a =



∂p
∂ρ


s

 
∂p
1
=−
v 2 = −   
∂v
1
∂v s
2
v
∂p s

(51)

The equation of isentropic compressibility, τs , is given by Equation (52).
 
1 ∂v
τs = −
v ∂p s

(52)

Substituting the isentropic compressibility equation into Equation (51) yields Equation (53). This
is the general expression for the speed of sound in a gas.
s
a=

∂p
∂ρ



r
=

s

v
τs

(53)

For a calorically perfect gas, the isentropic relation is shown in Equation (54). The variable c is a
constant.
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pv γ = c

(54)

Taking the derivative of the pressure with respect to the density yields:


∂p
∂ρ


=
s

γp
ρ

(55)

Substituting Equation (55) into Equation (53) yields:
r

γp
ρ

(56)

p = ρRT

(57)

a=
The equation of state is:

Lastly, substituting the equation of state into Equation (56) yields the speed of sound of a perfect
gas shown as Equation (58). It is interesting to note that the speed of sound equation is a function
of temperature only.

a=

p
γRT

(58)

The Mach number represents the ratio of flow velocity to the local speed of sound. The equation
for Mach number is:

M=

V
a

(59)

2.1.4 Normal Shocks
A normal shock is perpendicular to the flow direction. Normal shocks emerge from supersonic
flow and are caused by discontinuities in the flow due to a sudden change in flow properties [23].
Sound waves cannot propagate upstream since the velocity of air is larger than the speed of sound.
Consequently, the waves coalesce together and form a thin shock wave [23]. The properties of the
flow through a normal shock is shown in Figure 18. The flow upstream of the normal shock is
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labeled as region 1 while the flow downstream of the normal shock is labeled as region 2. Provided
that the conditions in region 1 are known, it is possible to solve for conditions in region 2. The flow
ahead of the normal shock is supersonic and the flow behind the normal shock is subsonic. Static
pressure, static temperature, and density increase across the shock while the velocity decreases [23].
Heat is not added or removed, thus, the flow is adiabatic.

Figure 18: Normal shock diagram

Assuming that the freestream Mach number is known, the Mach number downstream the normal
shock can be calculated using Equation (60). The Mach number before and after the normal shock
is denoted as M2 and M1 , respectively, and γ is the ratio of specific heats. The value for the ratio
of specific heats for air is 1.4.
γ−1 2
M1
2
M22 =
γ−1
γM12 −
2
1+

(60)

Equation (60) shows that for a calorically perfect gas with a constant γ, the Mach number before
the normal shock is solely a function of the Mach number behind the normal shock [23]. When the
freestream Mach number exceeds 1, the normal shock becomes stronger and the downstream Mach
number becomes progressively less than 1 [23].
The static pressure, static temperature, and density in region 2 can be calculated using Equations
(61) to (63) assuming that the flow properties in region 1 are known. These ratios are all functions
of the upstream Mach number, M1 .
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T2
h2
=
=
T1
h1

p2
2γ
=1+
(M 2 − 1)
p1
γ+1 1
!
!
2
2γ
2
+
(γ
−
1)M
1
1+
(M 2 − 1)
γ+1 1
(γ + 1)M12

(61)

(62)

ρ2
u1
(γ + 1)M12
=
=
ρ1
u2
2 + (γ − 1)M12

(63)

T2
p2 ρ1
=
T1
p1 ρ2

(64)

These ratios give accurate results for freestream Mach numbers not exceeding 5 in standard air
conditions [23]. For a freestream Mach number exceeding 5, the specific heat ratio is not constant
due to the increased temperature [23].

2.1.5 Oblique Shocks
An oblique shock is an inclined shock wave that occurs when a supersonic flow is faced with an
incline which effectively compresses and turns the flow into itself [23]. Oblique shocks are generated
by concave corners, while expansion fans are generated by convex corners. Figure 19 shows a uniform
supersonic flow coming into contact with a wedge and thus generating an oblique shock wave. The
shock deflects the flow towards itself by a turning angle, or deflection angle, θ, and develops an
oblique shock wave with an angle β [23]. The flow static pressure, static temperature, and density
increases across the oblique shock while the total pressure and velocity decreases.

Figure 19: Oblique shock diagram

The θ-β-M relation is an equation that correlates the turning angle, θ, wave angle, β, and
incoming Mach number, M . One out of the three characteristics of the flow can be determined if
the other two are known. For example, if one wishes to determine the shock wave angle, then the
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turning angle and incoming Mach number must be known. Equation (65) shows the θ-β-M relation.
The development across a normal shock is solely a function of the upstream Mach number, while
the changes across an oblique shock are a function of the upstream Mach number and the wave
angle [23].

tan(θ) = 2cot(β)

M12 sin2 (β) − 1
M12 (γ + cos(2β)) + 2

(65)

For any freestream Mach number, there exists a maximum deflection angle, θmax [23]. A solution
for a straight oblique shock wave does not exist if the turning angle is greater than the maximum
deflection angle, θ > θmax [23]. Under those circumstances, the shock wave will be curved and
detached. According to the θ-β-M relation, a strong shock solution and a weak shock solution
exists if θ > θmax . A strong shock solution is a larger value compared to the weak shock solution,
and this originates from severe changes across the shock as the wave angle increases. The solution
for the weak shock is usually favored, but the solution is dependent on the back pressure [23]. If
the pressure downstream of the shock wave is larger than the pressure upstream of the shock wave,
then a strong shock is forced to occur [23]. The flow downstream of the oblique shock is subsonic
for a strong shock solution, but for weak shock solutions the flow is supersonic, with the exception
of a small region near θmax [23].
Assuming that the incoming conditions of the supersonic flow is known, it is possible to determine
the conditions after the oblique shock wave. The upstream velocity, V1 , is assumed to be horizontal
and the corresponding Mach number is specified to be M1 .

The velocity and Mach number

upstream of the oblique shock is designated to be V2 and M2 , respectively. Figure 20 illustrates
the perpendicular and parallel components of the incoming flow, u1 and w1 , respectively. The
perpendicular component of velocity is related to the normal Mach number, Mn1 , while the parallel
component of velocity is related to the tangential Mach number, Mt1 . The same notation is used to
designate the velocities and Mach numbers behind the oblique shock. The perpendicular component
of velocity behind the oblique shock is u2 and the normal Mach number is Mn2 , while the parallel
component of velocity is w2 and the tangential Mach number is Mt2 .
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Figure 20: Oblique shock wave geometry

By using the θ-β-M relation to determine the wave angle with the known turning angle and
freestream Mach number, Equation (66) calculates the normal Mach number of the freestream flow.

Mn1 = M1 sin(β)

(66)

The static pressure and density behind the oblique shock can be calculated using Equations (67) and
(68) assuming that the incoming static pressure and density are known. Both ratios are functions
of the normal Mach number of the incoming flow, Mn1 . The specific heat ratio, γ, for air is 1.4.
2γ
p2
=1+
(M 2 − 1)
p1
γ + 1 n1

(67)

2
ρ2
(γ + 1)Mn1
=
2 +2
ρ1
(γ − 1)Mn1

(68)

The static temperature behind the oblique shock can be calculated by multiplying the static pressure
and density ratios together.
T2
p2 ρ1
=
T1
p1 ρ2

(69)

Calculating Mach number downstream of the oblique shock requires that the normal Mach number
associated with the flow behind the oblique shock be determined. Equation (70) is used to calculate
the normal Mach number behind the oblique shock.
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2
Mn2
=

2 +
Mn1

2
γ−1

2γ
M2 − 1
γ − 1 n1

(70)

The Mach number can then be calculated by using the normal Mach number, wave angle, and
turning angle as shown in Equation (71).

M2 =

Mn2
sin(β − θ)

(71)

2.1.6 Prandtl-Meyer Expansion Fans
An expansion fan develops when a supersonic flow turns away from the flow and is a continuous
expansion region made up of infinite Mach waves [23]. Figure 21 illustrates an expansion fan with
an incoming supersonic flow with a deflection angle, or expansion angle, θ. Since the surface is
deflected downward, the streamlines of the flow are also deflected downward. The flow behind
the expansion fan is uniform and parallel in the direction of the deflection angle [23]. The Mach
waves upstream and downstream of the expansion fan are denoted as µ1 and µ2 , respectively. The
downstream Mach wave can be calculated using Equation (72).

µ2 = sin−1

 1 
M2

(72)

The expansion is considered isentropic since the expansion is a continuous succession of Mach
waves and the change in entropy is zero, ds = 0, for each Mach wave [23]. The static pressure,
static temperature, and density decrease and the total pressure and total temperature stay constant
across an expansion fan. Unlike the normal shock wave and the oblique shock wave, the Mach
number after the expansion fan is greater than the freestream Mach number.
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Figure 21: Expansion fan diagram

The governing differential equation for Prandtl-Meyer flow is shown in Equation (73). This is
an approximate equation for a finite change of the deflection angle, dθ, but is an exact equation as
the change of the deflection angle goes to zero, dθ →
− 0 [23].

dθ =

p
dV
M2 − 1
V

(73)

The differential equation for the Prandtl-Meyer flow only analyzes an infinitesimally small expansion
angle, dθ. Therefore, to examine the entire Prandtl-Meyer expansion fan, Equation (73) must be
integrated over the complete angle [23]. The Prandtl-Meyer function, ν(M ), is calculated after the
integration and is shown as Equation (74). The Mach number can be computed after the expansion
fan if the deflection angle and the freestream Mach number are known by first using Equation (74)
to determine the Prandtl-Meyer function of the freestream Mach number and obtaining ν(M1 ),
then using Equation (75) to solve for the Prandtl-Meyer function of the Mach number behind the
expansion fan, ν(M2 ).
r
ν(M ) =

γ+1
tan-1
γ−1

r



p
γ−1
(M 2 − 1) − tan-1
M2 − 1
γ+1

θ = ν(M2 ) − ν(M1 )

(74)
(75)

The static pressure and static temperature of an expansion fan can be calculated by using
Equations (76) and (77).

p1
=
p2

γ − 1 2! γ
M2 γ − 1
2
γ−1 2
M1
1+
2
1+
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(76)

γ−1 2
1+
M2
T2
2
=
γ−1 2
T1
1+
M1
2

(77)

2.2 Combustion Chemistry
2.2.1 Single-Step Reaction Mechanism
Combustion is the rapid chemical reaction that involves high turbulence [21, 24]. ANSYS Fluent
allows the user to either use a single-step reaction mechanism or a multi-step reaction mechanism
to model combustion. A reaction mechanism is the process by which a chemical reaction occurs
in a sequence of steps. A single-step mechanism considers a direct reaction of the overall chemical
reaction. In this research, the single-step reaction mechanism for hydrogen-air combustion used is:

2H2 + O2 →
− 2H2 O

(78)

A reduced reaction mechanism is used because it is important to be able to replicate the combustion
phenomena while still considering computational time.

2.2.2 Multi-Step Reaction Mechanism
The multi-step reaction mechanism uses multiple steps to characterize what occurs during the
chemical reaction. Multi-step reaction mechanism tables include the pre-exponential factor, A, the
temperature exponent, β, and the activation energy, E, for each elementary reaction. These values
are needed to determine the reaction-rate constant, k, shown in Equation (79).


E
k = AT exp −
RT
β


(79)

2.3 Damköhler Number
The Damköhler number, Da, is the ratio between the flow time scale and the chemical time
scale and it is used to relate the self-ignition characteristics between hydrogen and air [25]. The
fuel injected cannot complete the chemical reaction if the Damköhler is less than unity [25].

Da =

tf low
tchem
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(80)

In Equation (80), tf low and tchem are the flow and chemical time scale, respectively [26].
Takahashi et al. [25] also has a Damköhler number equation where the global reaction time
from Rogers et al. [27] is used to estimate the characteristic reaction time. This equation is shown
below.

Da =

τr
=
τc

√

Lcomb
u2 + v 2 +w2

3.25 ∗ 10−4 p−1.6 exp −

0.8T
1000



(81)

In this equation, Lcomb is the distance between the fuel injector and the combustor exit, u, v, and
w are the velocity magnitudes, p is the pressure in atmospheric units, and T is the temperature in
Kelvins. From Rogers et al. [27], the reaction time correlation is within a ±10% uncertainty.
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Chapter 3: Numerical Methods
3.1 Computational Fluid Dynamics
Computational fluid dynamics (CFD) is a software tool used for analyzing the calculating fluid
mechanical development for mass, heat, and momentum transfer [26]. ANSYS Fluent is one of
several CFD software tools that allow the user to simulate transport phenomena. ANSYS Fluent
utilizes the finite volume method as its numerical method for computing fluid flow.
There are some errors when modeling flow with CFD and limitations must be recognized to
minimize the errors of the results. Sources of errors can come from model uncertainties, numerical
errors, application uncertainties, software errors, and user errors [26]. Model uncertainties can cause
errors if the user oversimplifies the assumptions needed to model the flow correctly. Examples of
model uncertainties are using incorrect turbulence models and combustion models that can greatly
affect the results of the model. Numerical errors can be reduced if a higher-order differentiating
scheme is used instead of a first-order scheme [26]. Application uncertainties are caused by having
insufficient information about the boundary conditions and initial conditions, as well as having an
inaccurate representation of the model’s geometry. Software errors are caused by any inconsistencies
in the software package [26]. Although, this particular error is very unlikely to occur with popular
CFD software. This error can include factors such as coding errors. Lastly, user errors are caused
by improper use of the software by the user such as oversimplifying the problem, poor geometry or
grid generation, and incorrect boundary conditions and initial conditions.

3.2 Governing Equations
The derivation of the Navier-Stokes equations originates from the momentum balance for Newtonian
fluid. These equations are three-dimensional and time-dependent and are used to represent flow
conservation laws and fluid property laws for unsteady, viscous, compressible, and Newtonian fluids
[28, 29]. The Navier-Stokes equations are all shown in tensor notation. The spatial index range for
three-dimensions is j = 1, 2, 3 and two-dimensions is j = 1, 2.
Equation (82) is the mass conservation equation, also known as the continuity equation, and this
is derived from a mass balance over a fixed control volume in space which the fluid flows through
[26]. The mass conservation equation is the rate of increase of mass equal to the difference of the
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rate of mass in and out of the control volume.
∂
∂ρ
(ρui ) = 0
+
∂t
∂xi

(82)

The momentum equation is shown as (83), and this is derived from Newton’s second law of
motion by a momentum balance over a volume element [30, 29]. The momentum equations are
defined as the rate of increase of momentum equal to the difference of the rate of momentum in
and out of the volume element. It is also important to include any additional external forces on the
fluid, i.e, gravitational forces.
∂
∂
∂p
∂
(ρui ) +
(ρui uj ) = −
+
(τij )
∂t
∂xi
∂xi ∂xi

(83)

Equation (84) is the energy conservation equation and is from the first law of thermodynamics.
∂
∂
∂
(ρet ) +
(ρht uj ) =
(τij ui )
∂t
∂xi
∂xi

(84)

In these three equations, ρ is the density, u is the velocity, τij is the Reynolds stress, p is the
pressure, et is the total energy, and h is the specific enthalpy.
The equations of state for a perfect gas are:

p = p(ρ, T )

u = u(ρ, T )

(85)

p = ρRT

u = Cv T

(86)

3.3 Finite Volume Method
Solutions to the Navier-Stokes equations can be solved by implementing a numerical method.
The initial step is to divide the fluid domain into smaller volumes called the control volume or
computational cells [31]. The governing equations, found in Section 3.2, are integrated over each
finite volume after dividing the fluid domain into a grid of computational cells.
Equation (87) is a general transport equation. A general variable, φ, is introduced to the
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conservative form of all fluid flow equations. This is the transport equation for property φ. The left
hand side of the equation includes the rate of change and convective term, while the right hand side
includes the diffusive and source term [31]. Equation (87) is used as a starting point for the finite
volume method.
∂ρφ
+ O · (ρφu) = O · [D(Oφ)] + Sφ
∂t

(87)

In Equation (87), φ is the fluid property, D is the diffusion coefficient, and Sφ is the source or sink
of φ [31]. In words, Equation (87) is the sum of the rate of increase of φ of the fluid element and
the net rate of flow of φ out of the fluid element is equal to the sum of the rate of increase of φ due
to the diffusion and the rate of increase of φ due to sources [31].
Equation (87) is integrated over a three-dimensional control volume (CV), and this becomes
Equation (88):
Z
CV

∂ρφ
dV +
∂t

Z

Z

Z

O · (ρφu)dV =
CV

O · [D(Oφ)]dV +
CV

Sφ dV

(88)

CV

By using the Gauss’ divergence theorem, the convective and diffusive term in Equation (88) are
shown as integrals over the surface of the control volume [31]. This then gives the transport equation
for steady state shown below:
Z

Z
n · (ρφu)dA =

A

Z
n · [D(Oφ)]dA +

A

Sφ dV

(89)

CV

In Equation (89), n is the outward unit normal vector. The equation for transient flow is shown
below:
∂
∂t

Z


(ρφ)dV

CV

Z

Z
n · (ρφu)dA =

+
A

Z
n · [D(Oφ)]dA +

A

Sφ dV

(90)

CV

The first term in the left hand side of Equation (90) is the rate at which the fluid property φ
changes in the control volume [31]. The product, n · (ρφu) is the flux component of property φ,
which results from the fluid flow along the outward normal vector n and this is the convective
term of the equation [31]. Therefore, this is the net rate of decrease of fluid property φ caused
by convection. The product, n · [D(Oφ)] is the diffusive term, which accounts for the net rate of
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increase of φ on a fluid element resulting from diffusion [31]. The variable, Sφ , is the rate of increase
of φ due to sources inside the fluid element.
Integrating Equation (90) over time becomes the most general form of the transport equation
[31].

Z
∆t

∂
∂t

Z


Z
(ρφ)dV dt +

CV

∆t

Z

Z

Z

n · [D(Oφ)]dAdt +

n · (ρφu)dAdt =
∆t

A

Z

Z
A

Sφ dV dt (91)
∆t

CV

3.4 Turbulence Modeling
Menter [32] developed the shear stress transport (SST) k − ω model to effectively combine the
accuracy and robustness of the k − ω model formulation in the near wall region with the freestream
independence of the k − ε model formulation in the farfield [33]. The equations for the SST k − ω
model are shown below.


∂k
∂k
∂
∂k
+ Ui
=
(ϑ + σk ϑt )
+ Pk − Cµ ωk
∂t
∂xi
∂xi
∂xi

(92)



∂ω
∂
∂ω
ω
2σω ∂k ∂ω
∂ω
+ Ui
=
(ϑ + σω ϑt )
+ γ Pk − βω 2 + (1 − F1 )
∂t
∂xi
∂xi
∂xi
k
ω ∂xi ∂xi

(93)

In Equation (92), the LHS contains the transient and convective terms of the turbulent kinetic
energy and the RHS contains the diffusive transport of turbulent stresses [24]. The last two terms
of Equation (92), are the production of turbulent kinetic energy, Pk , and the dissipation of turbulent
kinetic energy, Cµ ωk.
In Equation (93), the blending function, F1 is defined as:

F1 = tanh(arg14 )

(94)

where

arg14


 √


4ρσω,2 k
k 500ϑ
= min max
, 2
,
Cµ ωy y ω
CDkω y 2

(95)

In Equation (95), y is the normal distance to the wall and CDkω is the positive portion of the cross
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diffusion term [24].

CDkω



1 ∂k ∂ω
−20
, 10
= max 2ρσω2
ω ∂xi ∂xi

(96)

In Equations (92) and (93), the coefficients β, σk , σω , and γ are calculated with the general form:

φ = F1 φ1 + (1 − F1 )φ2

(97)

In this equation, φ1 relates to the coefficients from the k − ω model and φ2 relates to the coefficients
of the k − ε model. The eddy viscosity, ϑt , is calculated using the equation below:

ϑt =

a1 k
max(a1 ω, ΩF2 )

(98)

The blending function, F2 , is shown as:

F2 = tanh(arg22 )

(99)

 √

2 k 500ϑ
arg2 = max
,
Cµ ω y 2 ω

(100)

where

Table 2 shows the model constants used in the SST k − ω model.
Table 2: Model functions
β

σk

σω

0.075

0.85

0.5

γ
β1
σω1 K 2
− p
Cµ
Cµ

Cµ

K

a1

0.09

0.41

0.31

In CFD applications, the viscous sub-layer and the log-layer are important factors to capture
for correct solutions. Each turbulence model has its own criteria on whether the simulation requires
the resolution in the viscous sub-layer. Figure 22 illustrates the different regions of the turbulent
boundary layers.
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Figure 22: Regions of turbulent boundary layers

Most CFD programs use the logarithmic law of the wall to capture near-wall flow. The tangential
velocity of the near-wall flow has a logarithmic relation to the wall shear stress, τw , in the log-law
region [26]. Turbulent flows near a no-slip wall do not rely on the speed of the freestream flow [26].
This relies only on the wall distance, y, fluid density, ρ, fluid viscosity, µ, and the wall shear stress,
τw [26]. The equation for the near-wall tangential velocity is:

u+ =

Ut 1
ln(y + ) + C
uτ κ

(101)

The SST k − ω model requires a fine boundary layer grid with a first layer thickness on the wall
sufficiently low to generate a y + less than one.
ρ∆yuτ
µ

y+ =

(102)

In Equations (101) and (102), uτ is the friction velocity defined as:
r
uτ =

τw
ρ

(103)

3.5 Combustion Models
3.5.1 Laminar Finite-Rate Model
The laminar finite-rate model uses Arrhenius expressions to calculate chemical source terms but
does not account for the effects of turbulent fluctuations. This model is usually used for laminar
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flames with slow combustion and slow turbulence-chemistry interaction [34]. In this model, the rate
of an elementary reaction n, is reversible if a backward reaction is defined [34]. Every reaction, n,
proceeds with a rate, ω˙n , shown as:

ω˙n = kf n

Y

[Im ]anr − kbn

m

Y
[Im ]bnr

(104)

m

In Equation (104), Im is the molar concentration for species m, the variables anr and bnr are
experimentally derived numbers for the reaction orders, and the variables kf n and kbn are the
reaction rate coefficients in the forward and backward directions, respectively.
The reaction rate coefficients are normally given by the Arrhenius form as shown as:


E
k = AT exp −
RT
β


(105)

In the Arrhenius equation, A is the pre-exponential factor, T is the temperature in Kelvin, β is
the temperature exponent, E is the activation energy for the reaction, and R is the universal gas
constant. The values for A, B, and E can be found in a reaction mechanism.

3.5.2 Eddy Dissipation Model
A turbulence-chemistry interaction model developed by Magnussen and Hjertager is called the
eddy dissipation model. The eddy dissipation model accounts for the relative speed of chemical
reactions to the flow’s transport process [26]. The model assumes that reactions occur instantaneously
once the reactants are mixed, therefore, the reaction rate is directly dependent on the required
mixing time [26].
The net rate of production of a particular species i resulting from a reaction r, Ri,r , is the lesser
limiting value between the equations shown:

Ri,r =

ε
0
vi,r
Mw,i Aρ minR

Ri,r =

ε
0
vi,r
Mw,i ABρ

k

k





YR
0
vR,r Mw,R

P

YP
PN P00
j vj,r Mw,j


(106)


(107)

In these equations, YP is the mass fraction of any product species P , YR is the mass fraction of a
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particular reaction R, A is an empirical constant equal to 4.0, and B is an empirical constant equal
ε
to 0.5 [34]. The chemical reaction rate is determined by the large-eddy mixing time scale, . The
k
reaction rate is directly related to the mixing time specified by the turbulent kinetic energy, k, and
its dissipation, ε, as shown as [26]:

rate ∝

ε
k

(108)

Even though the eddy dissipation model is best applied to flows where the chemical reaction rate
is fast relative to the transport processes of the flow, this is not always the case with supersonic flows
[26]. Therefore, the eddy dissipation model on its own is not preferable for scramjet combustion.
k
Combustion occurs whenever turbulence is present, > 0, and an ignition source is not required
ε
for combustion to occur. Reactants of premixed flames burn immediately as the reactants enter
the computational domain. ANSYS Fluent takes this into account by providing a combination
finite-rate/eddy dissipation model accounts for both the Arrhenius rates and the eddy dissipation
rates [34].

3.5.3 Finite-Rate/Eddy Dissipation Model
In this research, the finite-rate/eddy dissipation model is used to model combustion with a
single-step chemistry for hydrogen-air.

2H2 + O2 −→ 2H2 O

(109)

In the finite-rate chemistry model, the reaction kinetic rate of change is modeled by the Arrhenius
equation which involves an exponential dependence on temperature and power law dependence
on the concentrations of the reacting chemical species [35]. The reaction rate for the finite-rate
chemistry model is shown below:

RH2 ,F RC





8052 2
2
19
cH2 cO2 − kb cH2 O
= −2 1.102 ∗ 10 · exp −
T

(110)

In Equation (110), T is the absolute temperature, c is the molar concentration, and kb is the rate
constant of the backward reaction. The value for kb can be determined from Equation (111) where κf
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is the forward rate constant and κe is the equilibrium coefficient. Equation (112) is the equilibrium
coefficient equation and gi is the Gibbs free energy.

kb =

κe = (RT )

−2

κf
κe



2gi
exp −
RT

(111)


(112)

The eddy dissipation model accounts for the relative speed of chemical reactions to the flow’s
transport process [26]. The model assumes that reactions occur instantaneously once the reactants
are mixed, therefore, the reaction rate is dependent on the required mixing time [26].
Mixing times in turbulent flows are largely impacted by the eddy properties. The reaction rate
ε
is assumed to be dependent on the time it takes for reactants to mix. The reaction rate is ∝ ,
k
where k is the turbulent kinetic energy and ε is the rate of dissipation [35]. The mixing rate for the
eddy dissipation model is shown below:

RH2 ,EDM



Yp
Yo
ε
, BED
= AED ρ̄ min Yf ,
k
νH2
1 + νH2

(113)

In Equation (113), Yf , Yo , and Yp are the mass fractions of fuel, oxidant, and products, respectively,
AED and BED are the model constants, νH2 is the stoichiometric coefficient of H2 reaction [35].
In the finite-rate/eddy dissipation model, the rate of reaction is determined from the minimum
between the mixing rate from the eddy dissipation model and the rate of reaction from the finite-rate
chemistry model.

RH2 = min(RH2 ,EDM , RH2 ,F RC )

(114)

In ANSYS Fluent, the finite-rate/eddy dissipation model is not applicable with multi-step reaction
systems.

3.6 Boundary Conditions
The boundary and initial conditions are parameters that greatly influence the solution to a
computational fluid dynamics problem. The boundary conditions used for this research can be
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seen on Table 3. The Dirichlet boundary condition is utilized for the air and fuel inlets while the
Neumann boundary condition is applied for the outlet. Also, nitrogen is assumed to be an inert gas
in the hydrogen-air reaction.
Table 3: Values for air and fuel inlets
Variable
Mach number
Velocity (m/s)
Temperature (K)
Pressure (P a)
Density (kg/m3 )
YO2
YN2
YH2 O
YH2

Air
2
740
340
100000
1.002
0.232
0.736
0.032
0

Fuel (H2 )
1
1200
250
100000
0.097
0
0
0
1

The inlet conditions for air and fuel are defined by:

u = uavg

(115)

T = Tinlet

(116)

The value, uavg , is the average velocity calculated at the inlet that takes into account the no-slip
condition of u = 0 m/s at the upper and lower wall. The turbulent kinetic energy is defined as:
3
k = (uavg I)2
2

(117)

In Equation (117), uavg is the average inlet flow velocity and I is the turbulence intensity. For high
turbulence cases, such as internal high speed flow with complex geometries or internal flows with
rotating machinery, the turbulence intensity is typically set between 5% and 10% [34]. For medium
turbulence cases, such as internal pipe flow or low Reynolds number flows, the turbulence intensity
is typically set between 1% and 5% [34]. For low turbulence cases, such as flow emanating from a
still fluid, the turbulence intensity is typically set below 1% [34]. In this research the turbulence
intensity is considered to be 10%.
The specific dissipation rate is defined as:
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1
k 2
ω=
Cµ D

(118)

In Equation (118), Cµ is the empirical constant for the turbulence model equal to 0.09 and D is the
hydraulic diameter [22].
The walls of the combustor are assumed to be no-slip and adiabatic.

u=0

(119)

∂T
=0
∂x

(120)

k=0

(121)

ω=0

(122)

Due to the supersonic nature of flow, the variables for the outlet required extrapolation from
internal cells. Therefore, a pressure outlet boundary condition is chosen for the combustor outlet
[22].
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Chapter 4: DLR Scramjet Combustor Model Benchmark
4.1 Model and Mesh Generation
A standard DLR scramjet was used as the model and data from Kummitha et al. [21] and
Athithan et al. [22] were used for benchmarking. Figure 23 shows the geometry of the DLR
scramjet. All dimensions are in mm and the fuel injector diameter is taken to be 1 mm. ANSYS
DesignModeler is used to generate the scramjet geometry that makes up the computational domain.
The combustor was divided up into various zones for ease of mesh when constructing the model.
This can be seen in Figure 24. The geometry was then imported into ANSYS Meshing for mesh
generation.

Figure 23: Geometry model of the combustor (dimensions in mm)

Figure 24: Geometry model of the combustion in ANSYS DesignModeler

The combustor was divided in various zones as shown in Figure 24 in order to allow for a finer
mesh near the walls and the combustion flame while still having a coarser mesh away from the
main areas of interest, such as areas away from the combustion flame. Instead of utilizing the
inflation layers tool in ANSYS Meshing, the bias factor was used for implementing the required first
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layer thickness on the walls of the combustor. This was due to prioritizing a quadrilateral mesh, and
quadrilateral meshing does not work alongside the inflation layers tool [34]. The first layer thickness
for a y + ≈ 1 is calculated to be about 6.5e − 7 m. Coarse, medium, and fine meshes were created
for the mesh independence study. Table 4 shows the number of nodes and elements found in each
mesh type. Figure 25 shows an example of the mesh generation of the DLR model. Quadrilateral
meshes make up the grid with finer mesh areas around the walls and combustion flame area.
Table 4: Nodes and elements of each mesh type
Mesh type
Coarse
Medium
Fine

Nodes
624, 296
948, 567
1, 595, 390

Elements
621, 623
945, 627
1, 592, 039

Figure 25: Mesh generation of the model - medium mesh

Mesh qualities, such as the aspect ratio, skewness, and orthogonal quality, are important for
determining the accuracy and stability of a numerical computation. The aspect ratio measures how
much a cell stretches [34]. For a quadrilateral mesh in a two-dimensional case, the aspect ratio
would be defined as the ratio of the length, δx, to the height, δy, of the cell. Generally, a lower
aspect ratio correlates to a higher quality mesh structure.

Figure 26: Aspect ratio
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Skewness measures the difference between a given cell shape and an optimal cell shape of the same
volume [34]. For quadrilateral meshes, it is desired to have the vertex angles close to 90◦ and to
have a skewness value close to 0.

Skewness =

optimal cell size - cell size
optimal cell size

(123)

The orthogonal quality relates the closeness between the angles of the adjacent element faces and
some optimal angle depending on the face meshing [34]. A desired orthogonal quality value is close
to 1. Table 5 shows ANSYS’ guidelines for what constitutes for an appropriate mesh to use and
Table 6 shows the mesh quality of each mesh used in the research.
Table 5: Mesh quality per ANSYS [34]

Excellent
Very good
Good
Acceptable
Bad
Unacceptable

Skewness
0 − 0.25
0.25 − 0.50
0.50 − 0.80
0.80 − 0.94
0.95 − 0.97
0.98 − 1.00

Orthogonal quality
0.95 − 1.00
0.70 − 0.95
0.20 − 0.69
0.15 − 0.20
0.001 − 0.14
0 − 0.001

Table 6: Mesh quality of each mesh type
Mesh type
Coarse
Medium
Fine

Aspect ratio
min max avg
1.00
8.16 1.95
1.00
8.26 2.25
1.00 15.76 2.63

Skewness
min
max
1.31e − 10 1.79e − 1
5.03e − 7 8.37e − 2
1.31e − 10 2.09e − 1

avg
1.04e − 2
1.83e − 2
4.67 − 2

Orthogonal quality
min max
avg
0.96 1.00
0.99
0.99 1.00
0.99
0.95 1.00
0.99

4.2 Mesh Independence Study
Conducting a mesh independence study is an import and step in CFD research. This allows the
researcher to determine which mesh allows for accurate results while still permitting reasonable
computational time.

In order to determine which mesh type is acceptable to use, the Mach

numbers at stations 1, 2, and 3 were theoretically calculated and these values were compared with
Mach numbers from the numerical results. Figure 27 illustrates the DLR scramjet engine with the
corresponding stations created by the shock train.
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Figure 27: Combustor diagram with labeled shock regions

Table 7 shows the Mach numbers calculated from theoretical calculations and step-by-step
calculations can be found in Appendix A. Table 8 contains the Mach numbers from the numerical
solution and percent error from theoretical calculations for each station. It can be seen that the
percent error for all mesh types were less than 2%, with the fine mesh type having the lowest percent
errors.
Table 7: Theoretical Mach numbers
Station
Station 1
Station 2
Station 3

Mach number
2
1.786
1.579

Table 8: Percent error between theoretical & numerical Mach numbers
Mesh type
Coarse
Medium
Fine

Station 1
Mach no. % error
2.00
0%
2.00
0%
2.00
0%

Station 2
Mach no. % error
1.799
0.7%
1.792
0.4%
1.786
0%

Station 3
Mach no. % error
1.606
1.7%
1.596
1.1%
1.580
0.1%

Figure 28 illustrates the static pressure distribution at the lower wall of the combustor with
numerical and experimental comparisons from Kummitha et al. [21] and Athithan et al. [22] The
published data of Kummitha et al. [21] and Athithan et al. [22] have slight differences in the
numerical results. As well as, Athithan et al. [22] has two differing numerical data for the static
pressure at the lower wall and the experimental data complements the first set of numerical results.
The abrupt increase in static pressure occurs when an oblique shock is created due to the Mach
2 fluid flow from the entrance of the combustor as it comes into contact with the nose of the fuel
injector. It can be seen that the coarse and medium meshes agree the most with Athithan et al.’s
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[22] second numerical published data and the fine mesh agrees the most with Kummitha et al.’s [21]
numerical published data.

Figure 28: Static pressure (P a) distribution at the lower wall of the combustor

Figure 29 illustrates the static pressure distribution at the middle of the combustor with numerical
and experimental comparisons from Kummitha et al. [21] and Athithan et al. [22] The fuel injector
is located at y = 0.025 m and spans the length from x = 0.077 m through x = 0.109 m and this
accounts for the absent data in these locations in Figure 29. The coarse and medium meshes deviate
from both numerical published data around the x = 0.2 m location while the fine mesh agrees well
with both numerical published data especially with Athithan et al.’s [22] numerical data. The
discrepancies around the x = 0.2 m mark for the coarse and medium meshes can be caused by not
having a fine enough mesh in those areas unlike the fine mesh where the area was made finer.
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Figure 29: Static pressure (P a) distribution at the middle of the combustor

Figure 30 shows the velocity distribution at the middle of the combustor with numerical and
experimental data comparisons from Athithan et al.

[22] Compared to Athithan et al.’s [22]

numerical and experimental data, the coarse, medium, and fine meshes are shifted to the right
by about x = 0.03 m. The slight shift is quite perplexing since the DLR model and geometry used
by the present research and Athithan et al. [22] is the same. As well as, the fuel injector does not
appear in the computational domain and creates "empty" data in the location x = 0.077 m through
x = 0.109 m. Regardless of the shift, the meshes have very similar trends to Athithan et al.’s [22]
numerical and experimental data and is very agreeable.

Figure 30: Velocity (m/s) distribution at the middle of the combustor
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Figure 31 shows the cross stream static temperature of the combustor at various x-locations
with numerical and experimental data comparisons from Kummitha et al. [21] and Athithan et
al. [22]. In some x-locations, Kummitha et al. [21] and Athithan et al. [22] has numerical and
experimental data for some and not others. Table 9 shows the percent error between the maximum
static temperature value from Kummitha et al. [21] and Athithan et al. [22] compared to the
maximum static temperature from the coarse, medium, and fine meshes. For x-locations at 120
mm, 150 mm, 167 mm, and 200 mm, the percent errors are the lowest and the highest at 136 mm
and 275 mm due to the transient solution that is used. Kummitha et al. [21] and Athithan et al.
[22] use a steady state solver, while the present study uses a transient solver. The time step used
is 1 · 10−7 s with 20 iterations per time step, and was iterated until convergence was achieved. The
transient solution accounts for a span of time exceeding the residence time of air in the combustor.

Figure 31: Cross stream static temperature (K) distribution at various x-locations
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Table 9: Static temperature percent error
x-location
120
136
150
167
200
275

mm
mm
mm
mm
mm
mm

Published
Tmax [K]
1,601.1
1,202.9
2,250.6
2,336.7
1,957.2
1,494.4

Coarse
Tmax [K]
1,960.5
2,125.9
2,140.6
2,108.2
2,247.3
2,415.7

mesh
% error
22.5%
76.7%
4.9%
9.8%
14.8%
61.7%

Medium mesh
Tmax [K] % error
1,925.1
20.2%
1,933.6
60.7%
2,031.2
9.7%
2,064.3
11.7%
2,233.8
14.1%
2,399.9
60.6%

Fine mesh
Tmax [K] % error
2,000.3
24.9%
1,974.9
64.2%
1,937.5
13.9%
2,107.5
9.8%
2,137.5
9.2%
2,291.9
53.4%

Figure 32 shows the cross stream mass fraction of H2 at various x-locations with numerical data
comparisons from Athithan et al. [22]. It can be seen that Athithan et al.’s [22] mass fraction of
H2 decreases as the flow gets closer to the exit of combustor. This is due to proper combustion
occurring between the air flow and fuel. This behavior aligns with the data from the present study.

Figure 32: Cross stream mass fraction of H2 distribution at various x-locations
Figure 33 shows the cross stream mass fraction of H2 O at various x-locations with numerical
data comparisons from Athithan et al. [22]. It can be observed that the cross stream mass fraction
of H2 O are very agreeable at x = 150 and 200 mm. At x = 275 mm, the present data shows a
higher mass fraction of H2 O value compared to the published data.
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Figure 33: Cross stream mass fraction of H2 O distribution at various x-locations
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Chapter 5: DLR Scramjet Combustor Variation Models and
Results
5.1 DLR Scramjet Combustor with a Cavity Flameholder Model and Mesh
Generation
A DLR combustor with a cavity flameholder was studied in the present research to determine how
much the added recirculation in the fluid flow affects the combustion efficiency and total pressure
loss within the combustor. There are multiple types of cavity flameholders and a standard design
is used for the present study. Figure 34 illustrates the DLR combustor with a cavity flameholder.
The same dimensions as the standard DLR scramjet was used and the added cavity flameholder
is located 120 mm downstream from the combustor entrance. ANSYS DesignModeler was used
to generate the scramjet geometry that makes up the computational domain. Similarly to the
standard DLR combustor model, this model was also divided up into various zones for ease of mesh
when constructing the model. The geometry was then imported into ANSYS Meshing for mesh
generation.

Figure 34: Geometry model of the combustor with cavity flameholders in ANSYS DesignModeler

Similarly to the standard DLR model, the combustor with the flameholder was divided into
sections in order to allow for a finer mesh near the walls and the combustion flame. As well as
utilizing the bias factor instead of the inflation layers tool in order to prioritize a quadrilateral
mesh. The mesh generated for this model has 977, 379 nodes and 976, 033 elements. Table 10 shows
the mesh quality of the present mesh and Figure 35 shows the mesh generation of the model.
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Table 10: DLR with cavity flamholder mesh quality

Aspect ratio
Skewness
Orthogonal quality

min
1.00
1.58e − 7
0.44

max
6.70
7.20e − 1
1.00

avg
1.99
2.93e − 2
0.99

Figure 35: Mesh generation of the DLR combustor with cavity flameholder

To fully characterize the changes in the combustion and mixing efficiency, the same boundary
conditions were used for this model. The boundary conditions are listed in Section 3.6 in Table 3
and the cavity flameholder walls were also taken to be no-slip and adiabatic.

5.2 DLR Scramjet Combustor with Two Fuel Injector Struts Model and Mesh
Generation
A DLR combustor with two fuel injectors parallel to each other was also studied in the present
research. The inclusion of two fuel injectors allows for two mixing zones for the fuel and air, and
additionally, increased oblique shocks and expansion fans provide enhanced fuel-air mixing. Figure
36 shows the DLR combustor with two fuel injectors parallel to each other. The same dimensions
as the standard DLR scramjet was used with the lower fuel injector at x = 0.077 m and y = 0.167
m and the upper fuel injector at x = 0.077 m and y = 0.334 m. ANSYS DesignModeler was
used to generate the scramjet geometry that makes up the computational domain. Similarly to the
standard DLR combustor model, this model was also divided up into various zones for ease of mesh
when constructing the model. The geometry was then imported into ANSYS Meshing for mesh
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generation.

Figure 36: Geometry model of the combustor with 2 fuel injectors in ANSYS DesignModeler

Similarly to the standard DLR model, the combustor with two fuel injectors were divided into
sections in order to allow for a finer mesh near the walls and the combustion flame. As well as
utilizing the bias factor instead of the inflation layers tool in order to prioritize a quadrilateral
mesh. The mesh generation for this model has 999, 762 nodes and 997, 498 elements. Table 11
shows the mesh quality of the present mesh and Figure 37 shows the mesh generation of the model.
Table 11: DLR with two fuel injectors mesh quality

Aspect ratio
Skewness
Orthogonal quality

min
1.00
7.08e − 7
0.39

max
47.34
7.50e − 1
1.00

avg
10.61
1.31e − 1
0.94

Figure 37: Mesh generation of the DLR combustor with two fuel injectors
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The same boundary conditions were used for this model to fully characterize the changes in the
combustion and mixing efficiency. The boundary conditions are listed in Section 3.6 in Table 3.
Since this model incorporates two fuel injectors, the same boundary condition for the standard fuel
injector applies for both fuel injectors.

5.3 DLR Scramjet Combustor Variation Results
Figure 38 shows the static pressure distribution at the lower wall of the combustor with the added
extension of a cavity flameholder and the inclusion of two fuel injectors. The enhanced recirculation
of the flow for the DLR combustor with the cavity flameholder causes turbulent flow and this is seen
in the behavior of the static pressure at the lower wall. Besides the added recirculation, there are
no significant changes in the static pressure values as the model still corresponds to the data from
the standard DLR. For the DLR with two fuel injectors, a bow shock occurs towards the entrance of
the combustor and just before the fuel injectors. This occurrence is confirmed by the great increase
in static pressure towards the entrance of the combustor that can be seen in Figure 38. Figures 39
and 40 shows the static pressure contour plot for the DLR with the cavity flameholder and DLR
with the two fuel injectors, respectively. The bow shock that occurs for the DLR with the two fuel
injectors is also shown in Figure 40.

Figure 38: Static pressure (P a) distribution at the lower wall of the combustor with the varied DLR
models

61

Figure 39: Static pressure (P a) contour for the DLR combustor with the cavity flameholder

Figure 40: Static pressure (P a) contour for the DLR combustor with two fuel injectors

Figure 41 illustrates the static pressure distribution at the middle of the combustor with the
included cavity flameholder model and two fuel injectors model. For the DLR combustor with the
cavity flameholder, the fluid flow away from the lower wall becomes less turbulent and this behavior
can be seen in Figure 41. The data for this model corresponds well to the standard DLR model.
For the DLR combustor with two fuel injectors, the static pressure towards the entrance of the
combustor is much higher than the other models due to the bow shock that occurs. However, as
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the flow travels further along the combustor, the data becomes more agreeable with the rest of the
DLR combustor models.

Figure 41: Static pressure (P a) distribution at the middle of the combustor with the varied DLR
models

Figure 42 illustrates the velocity distribution at the middle of the combustor with the included
cavity flameholder and two fuel injectors model. The shift in the data also takes place for the DLR
models with the varied design. The DLR model with the cavity flameholder is very agreeable with
the data from the standard DLR models. The velocity is significantly lower towards the entrance of
the combustor for the model with two fuel injectors, and this is due to the great increase in static
pressure that is caused by the bow shock.
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Figure 42: Velocity (m/s) distribution at the middle of the combustor with the varied DLR models

Figures 43 and 44 shows the velocity contour plots for the DLR with the cavity flameholder and
DLR with two fuel injectors, respectively.

Figure 43: Velocity (m/s) contour plot for the DLR with the cavity flameholder
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Figure 44: Velocity (m/s) contour plot for the DLR with two fuel injectors

Figures 45 and 46 shows the Mach number contour plots for the DLR with the cavity flameholder
and DLR with two fuel injectors, respectively.

Figure 45: Mach number contour plot for the DLR with the cavity flameholder
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Figure 46: Mach number contour plot for the DLR with two fuel injectors

Figure 47 shows the cross stream static temperature distribution at various x-locations with the
varied DLR models. It can be observed that the static temperature for the DLR with the cavity
flameholder has no significant change when compared to the standard DLR model. The data for
the DLR with two fuel injectors are also very agreeable but with the difference of having two peaks
instead of one due to the two fuel injectors.
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Figure 47: Cross stream static temperature (K) distribution at various x-locations with the varied
DLR models

Figures 48 and 49 shows the static temperature contour plots for the DLR with the cavity
flameholder and DLR with two fuel injectors, respectively.

Figure 48: Static temperature (K) contour plot for the DLR with the cavity flameholder
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Figure 49: Static temperature (K) contour plot for the DLR with two fuel injectors

Figures 50 and 51 shows the density contour plots for the DLR with the cavity flameholder and
DLR with two fuel injectors, respectively.

Figure 50: Density (kg/m3 ) contour plot for the DLR with the cavity flameholder
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Figure 51: Density (kg/m3 ) contour plot for the DLR with two fuel injectors

Figure 52 shows the cross stream mass fraction of H2 at various x-locations with the varied
DLR models. The mass fraction of H2 decreases as the flow travels further down the combustor,
and this behavior can also be seen for the DLR models with the cavity flameholder and with the
two fuel injectors. The decrease in the mass fraction of H2 is due to the consumption of hydrogen
which occurs during combustion.

Figure 52: Cross stream mass fraction of H2 distribution at various x-locations with varied DLR
models
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Figure 53 shows the cross stream mass fraction of H2 O at various x-locations with the varied
DLR models. H2 O is the product of the single-step reaction. The mass fraction of H2 O for the
varied DLR models are agreeable with the published data.

Figure 53: Cross stream mass fraction of H2 O distribution at various x-locations with varied DLR
models
Figure 54 shows the combustion efficiency for each DLR model with comparisons from published
data by Kummitha et al. [21] and Athithan et al. [22]. The combustion efficiency is utilized to
assess the performance of a scramjet combustor, and this is the ratio between the rate of hydrogen
fuel consumption to the rate of water vapor production along the streamwise direction [9]. The
combustion efficiency of a combustor was discussed in Section 1.1.2 and the equation for combustion
efficiency is restated here for convenience.
R
ηcomb (x) = 1 −

(A(x))ρgas uYH2 dA
ṁH2 ,x
=1−
ṁH2 ,inj
ṁH2 ,inj

(124)

It can be observed that as the hydrogen fuel is introduced into the fluid flow, the hydrogen fuel is
properly converted into water vapor due to the chemical reaction that is occurring. The maximum
combustion efficiency of the standard DLR model is 0.9689. The maximum combustion efficiency is
0.9655 for the DLR combustor with the cavity flameholder and 0.9823 for the DLR with the two fuel
injectors. The DLR combustor with the cavity flameholder experienced a 0.4% decrease compared
to the standard DLR model, while the DLR combustor with the two fuel injectors experienced a
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1.4% increase compared to the standard DLR model.

Figure 54: Combustion efficiency of each DLR model

Figures 55 and 56 shows the contour plots of the mass fraction of H2 and H2 O for each DLR model
used in the present study, respectively. The contour plots can visually show that the hydrogen fuel
injected into the fluid flow is properly converted into water vapor.

Figure 55: Mass fraction of H2 contour plots
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Figure 56: Mass fraction of H2 O contour plots
Figure 57 shows the total pressure loss for each DLR model compared to published data by
Athithan et al. [22]. Total pressure loss occurs due to enhanced mixing the shock waves provide.
Total pressure loss of a combustor was discussed in Section 1.1.2 and the equation is restated here
for convenience.
R
ηt = 1 − R

A p0 ρudA

A p0,inlet ρudA

(125)

The maximum total pressure loss of the standard DLR model is 0.2637. The maximum total
pressure is 0.2650 for the DLR combustor with the cavity flameholder and 0.3943 for the DLR
combustor with the two fuel injectors. The DLR combustor with the cavity flameholder experienced
a 0.5% decrease compared to the standard DLR model, while the DLR combustor with the two fuel
injectors experienced a 49.5% increase compared to the standard DLR model. The high increase
for the DLR with the two fuel injectors was to be expected since more shock waves were produced
with the addition of another fuel injector.
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Figure 57: Total pressure loss of each DLR model
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Chapter 6: Conclusions and Future Work
In conclusion, the DLR model with the cavity flameholder enhanced the recirculation between
the fuel and air, and turbulent flow towards the lower wall where the cavity flameholder was located
was seen in Figure 38 from Section 5.3. The DLR model with the cavity flameholder achieved
a maximum combustion efficiency of 0.9689 and did not have significant changes in combustion
efficiency compared to the standard DLR model as only a 0.4% decrease in combustion efficiency
occurred. The high combustion efficiency the DLR with the cavity flameholder achieved infers that
the hydrogen fuel is properly converted into water vapor due to combustion that is occurring. The
DLR model with the cavity flameholder had a maximum total pressure loss of 0.2637 and did not
have significant changes in total pressure loss as only a 0.5% decrease occurred compared to the
standard DLR model. This confirms that the cavity flameholder did not add significant shock waves
to the system and the addition of this had minimal to no effect to the total pressure loss of the
system.
The DLR model with the two fuel injectors allowed for more fuel added to the flow, two mixing
zones for the fuel and air, as well as, enhancement of fuel and air mixing due to the increased oblique
shock wave and expansion fans. A bow shock was present towards the inlet of the combustor due
to the two wedge shaped fuel injectors. This can be seen in Figure 40 in Section 5.3. This bow
shock caused a great increase in pressure towards the combustor entrance, but as the flow travelled
further down the combustor, the pressure was agreeable with the published data. The DLR model
with the two fuel injectors achieved a maximum combustion efficiency of 0.9823 and did not have
significant changes in combustion efficiency compared to the DLR with the cavity flameholder as
only a 1.4% increase occurred. This infers that even with the additional fuel injector, fuel and air
were properly reacting to produce combustion. The DLR model with the two fuel injectors had a
maximum total pressure loss of 0.3943 and had a substantial increase by 49.6% compared to the
standard DLR model. This model had a higher total pressure loss compared to the other DLR
models. This was expected due to the addition of more shock waves caused by including another
fuel injector.
There are many ways to extend the study to determine a combustor design that produces high
combustion efficiency with low total pressure loss across the combustor. Modifying the fuel injector
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in various forms, whether by adding more fuel injectors or utilizing other variations as outlined in
Section 1.2 can improve the system. A standard cavity flameholder was used in the present study
and by changing the dimensions or adding more steps in the cavity flameholder can greatly enhance
the recirculation between the fuel and air. As well as, designing the cavity flameholder to be nearer
to the fuel injector for more enhanced recirculation can be studied. Meshing the combustion flame
that follows a more conical shape to capture the mixing zone can improve numerical analysis results.
Performing three-dimensional studies of the DLR combustor with added injector portholes is a way
to comprehensively observe the behaviors of the flow.
Since the present study isolated the combustion chamber which was analyzed by itself, the
inclusion of the inlet and nozzle will allow for thorough understanding of the flow in a hypersonic jet
engine. The incorporation of an inlet would allow the freestream hypersonic flow to be conditioned
as it enters the combustor, and the addition of a nozzle will allow thrust to be produced from
the combustor. Having all main sections of the scramjet engine is essential in determining if the
scramjet engine reaches desired flight Mach numbers of over 5.
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Appendix A: Theoretical Calculations of Mach Numbers
Initial conditions:
M1 = 2
(126)

T1 = 340 K
P1 = 100, 000 P a
Half-angle from the combustor geometry:
θ = 6◦

(127)

Constants:
γ = 1.4
(128)
R = 287 J/kgK
Part 1 of calculations: Section 1 to 2 (oblique shock)
p
γRT1
p
= (1.4)(287)(340)

a1 =

(129)

= 369.611 m/s

M1 =

V1
→ V1 = M1 a1
a1
(130)

= (2)(369.611)
= 739.221 m/s


tan(θ) = 2cot(β)

M12 sin2 (β) − 1
M12 (γ + cos(2β)) + 2



from MATLAB code → β1 = 35.24◦

76

(131)

Mn1 = M1 sin(β1 )
(132)

= (2)sin(35.24)
= 1.154

2
Mn2

v
u
2
u M2 + 2
2 +
Mn1
u
n1
γ−1
γ−1
u


→ Mn2 = u 
=
t
2γ
2γ
2 −1
2 −1
Mn1
Mn1
γ−1
γ−1
v
u
2
u (1.154)2 +
u
(1.4) − 1
u

= u
t
2(1.4)
(1.154)2 − 1
(1.4) − 1

(133)

= 0.872

Mn2
sin(β1 − θ)
(0.872)
=
sin(35.24 − 6)

M2 =

(134)

= 1.786
M2 = 1.786
Part 2 calculations: Section 2 to 3 (reflected shock)

M2 = 1.786


tan(θ) = 2cot(β2 )

M22 sin2 (β2 ) − 1
M22 (γ + cos(2β2 )) + 2

(135)


(136)
◦

from MATLAB code → β2 = 39.84
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Mn2b = M2 sin(β2 )
= (1.786)sin(39.84)

(137)

= 1.144

2
Mn3

v
u
2
u M2 + 2
2 +
Mn2b
u
n2b
γ−1
γ−1
u


→ Mn3 = u 
=
t
2γ
2γ
2 −1
2 −1
Mn2b
Mn2b
γ−1
γ−1
v
u
2
u (1.144)2 +
u
(1.4) − 1
u

= u
t
2(1.4)
(1.144)2 − 1
(1.4) − 1

(138)

= 0.879

Mn3
sin(β2 − θ)
(0.879)
=
sin(39.84 − 6)

M3 =

= 1.579
M3 = 1.579
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(139)
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